6.2 Relationship between x and z

In hyperbolic triangle AABC, the angles «, § and v are acute and such that a + g + v < 7. Taking the
cosine of § + v < m — a yields, after some manipulation, z > 1. Furthermore, from the definition of x and
z, it is not hard to derive

z = (2% —1)sin® Bsin®y + 1.

The above and z > 1 yield 1 < z < z2. In Equation (9), we can see that the inequality %—%\/ 822 —6z+2<1
is always true. Hence, Equation (9) can be modified as

1 1
1<x§§+1\/8z3—6z+2. (10)

Without loss of generality (and based on the definition of diameter), it can be assumed that o > 8 > ~.
Therefore

2 1
0 < sin?y < ﬁ <sin?a < 1.
Hence,
222 —2—-1 .,
l<zr < ——sin* [+ 1.
(z+1) p

To check whether the polynomial inequality (8) holds, it is only necessary to verify the following:
%Sifﬁ—kl < %—i— %\/m
Simplifying the above inequality yields the following polynomial inequality in z
825 + Cyzt 4+ C32% + Co2® + Crz+ Cy > 0, (11)
where the coefficients are functions of cos [3:
Co=—cos*f—2cos? f+1, Ci = —2cos* 8 —4cos® 8 — 4,

Co = 3cos? B —2cos® 3 — 15, C3 =4cos* -2,
Cy = —4cos B+ 8cos® 3+ 12.

6.3 Sturm sequence

We have to examine whether the left-hand side of (11) has some sign change for z € (1,00). In full
generality, this is a Tarski-Seidenberg decision problem. Here we approach this problem by computing the
Sturm sequence, {P;(z)}, of (11). The polynomials in the Sturm sequence, with their coefficients in R[cos 3],
are evaluated at z =14 ¢ (¢ — 0) and z — oo; this yields P;(1 4 ¢) =: r(8) and P;(c0) =: s(0).



The Sturm sequences of the above polynomial is

Po(z) =82° + (—4cos? f+ 8cos? B+ 12)2* + (4 cos? B — 2)23
+ (3cos* B — 2cos® B — 15)2% + (—2cos* B — 4 cos? B — 4)z
—cos?f—2cos? B+ 1,

Py(2) =402* + 4(—4cos? B+ 8cos? B+ 12)2% + 3(+4 cos? f — 2)22
+2(3cos* B — 2cos? f— 15)z — 2cos? 3 — 4 cos® § — 4,

Py (z) =(8/25 cos® 8 — 32/25 cos® 3 — 56/25 cos® 8+ 96/25 cos® B + 92/25) 23
— (6/25cos® B —12/25 cos® 5 + 24/25 cos® B — 24/25 cos® f — 216/25) 22
—(3/25cos® B — 8/25 cos® B — 12/5 cos* B — 44/25 cos® B — 7/5)z
+1/25cos® B+ 4/5cos* B+ 8/5 cos® B — 31/25,

Ps(z) ={—25(—412 + 672 cos® 3 — 666 cos® 5 — 642 cos® 3 + 777 cos® 3
+ 308 cos'? B — 156 cos'? B — 34 cos' B + 9 cos'® 3)

— 25(20 — 1592 cos® 3 — 790 cos? 5 4 1034 cos® 3

+ 921 cos® B + 136 cos'® B — 136 cos'2 3 — 34 cos'?
+9co0s'® B)z + 50(—916 + 2156 cos® 3 + 544 cos* 3
— 1952 cos® 3 — 87 cos® B + 504 cos'® B — 62 cos'? 3
—52cos'* B+ 9cos'® B)2?} /(23 — 14 cos® B

+ 24 cos? B — 8 cos® 8+ 2 cos® B)?,

Py(z) ={(—3329664 cos® 8 + 20020324 cos* 5 4 16202172 cos’ /3
— 44149333 cos® f — 31261986 cos'® 3 + 49756689 cos'? 3
+ 31167416 cos™ 3 — 30475007 cos'® 8 — 17506538 cos'® 3
+ 10225347 cos? 3 + 5496392 cos®? 3 — 1836072 cos** 5
— 897560 cos?® 5 + 173628 cos®® 5 + 65040 cos™ 3
— 9908 cos®? 3 — 1672 cos®® 8 + 252 cos®® 5 — 3639520)

— 9908 cos®? 3 — 1672 cos®® 5 + 252 cos®® § — 3639520)
4/25(—2022528 cos® B + 52771484 cos* B + 9529620 cos® 3
— 97130819 cos® 3 — 22323402 cos'® 5 + 89857431 cos'? 3
+ 29801584 cos™ 3 — 45440329 cos'® 5 — 21226738 cos'® 3
+ 12352053 cos? 3 + 7960456 cos®? 3 — 1632024 cos** 8










