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Abstract

A hyperbolic geometry method is devised for routing
packets of the same message along multiple paths.
The primary motivation is to defeat the attack sce-
nario in which a link is compromised by “eavesdrop-
ping.” Rerouting is restricted to be along near op-
timal paths to mitigate out-of-order packet arrival,
against which TCP is not quite robust. On a hy-
perbolic graph, near optimal paths are called quasi-
geodesics and have the property that they remain
within an identifiable neighborhood of the optimal
path, so that the search for near optimum paths can
be narrowed down. More specifically, yet another
property of hyperbolic graphs allows the near op-
timum paths to be computed as locally optimum
paths, with a minimum modification of distance vec-
toring.

1 Introduction

One of the many security concerns in modern data
networks is eavesdropping, that is, unauthorized
packet interception along a link with the potential
of reconstructing the full message—if all packets
are sent along the same optimum path from source
to destination, as TCP does under normal condi-

tions. One of the proposed patches to such a se-
curity breach is to send packets in a randomnized
fashion along different, nonoptimal routes [6]. Since
the many routes have different delays, out-of-order
packet arrival at the destination could create drops
if the arrival sequence is altered by more than 3
slots. Unless some robustified TCP protocol is im-
plemented, there is a need to restrict the paths to have
costs bounded away from the optimum cost. On a
graph, or on a surface or manifold for that matter,
these near optimum paths may or may not remain
within an identifiable neighborhood of the optimum
path. In fact, in classical Riemannian geometry, this
behavior is encapsulated in the concept of curva-
ture: In a negative curvature space, the near optimal
paths—referred to as quasi-geodesics—remain in a
neighborhood of the optimal path, while in positive
curvature space the near optimal paths could poten-
tially spread across the whole manifold. For these
facts to be applicable to graphs, there is a need to de-
fine a curvature concept for nondifferentiable struc-
tures, a curvature concept upon which the features
of Riemannian geometry can be extended to other
structures. In what has been referred to as the most
significant development in geometry over the past 20
years, the concept of negative curvature has been re-
defined in terms of such a more primitive concept as
distance and has hence become applicable to graphs.

Here we restrict ourselves to hyperbolic (nega-
tive curvature) graphs, the chief reason being that



Monte Carlo simulation has indicated that the popu-
lar “growth, preferential attachment” model of Inter-
net build up promotes negative curvature (see Sec-
tion 3.6). Furthermore, from the point of view of
network architecture, it appears desirable to design
it hyperbolic, for the near optimal paths do not have
to be sought across the whole network, but can be
narrowed down to an identifiable neighborhood of
the optimal path. The problem is that, while exis-
tence of bounds has been proved [5], they tend to be
overly conservative, so that for engineering applica-
tions, tighter bounds must be sought (Section 3.3).

Even though the quasi-optimal paths can be sought,
with reasonable efficiency, within an identifiable
neighborhood of the optimum path, we prefer, how-
ever, to use yet another property—mainly that the
quasi-geodesics can be computed as local geodesics,
that is, locally optimum paths. As such the quasi-
geodesics will be computable via a slight modifica-
tion of distance vectoring.

2 Coarse geometry

2.1 Geodesic spaces

Let
���������

be a metric space, that is, a set endowed
with a reflexive, symmetric, positive definite, non-
degenerate form satisfying the triangle inequality. A
rectifiable arc is a continuous map 	�

� � �����
���
such that �������������� � � !#" �#� 	 ��$

" �%� 	 ��$
"�&#' ���)(+*,�

the latter defining the length - � 	 � of the arc. A
geodesic . is an isometric embedding ./
0� � � - �1��

. It is easily seen that . is the shortest length arc
joining . � � � and . � - � . ���������

is said to be a (to-
tally) geodesic space if any two points 2 ��3

can be
joined by a geodesic of length

�#� 2 ��34�
. The Hopf-

Rinow theorem [8, Th. 1.4.8], [2, Corollary 3.20]
asserts that a complete, connected Riemannian man-
ifold is a geodesic space. A finite graph in which
every edge is assigned a “weight,” as it is practiced
in communication networks, is a geodesic space; the
distance between two vertices is defined as the in-
fimum of the weights of all paths joining 2 and3

, where the weight of a path is the sum of the

weights of the constituting edges of the path. An
infinite graph need not be a geodesic space; for ex-
ample, the non locally finite graph on two vertices2 ��3

joined by countably infinitely many edges with
weights 57685:9<; � ;>=?5 �%@��BACACA is not a geodesic
space, because

�#� 2 ��34� =/5 , yet there does not exist
a geodesic of length 5 joining 2 ��3

.

In general, a geometry has its “isometries.” The
isometries of Euclidean geometry are orthogonal
matrices; the isometries of symplectic geometry
are symplectic matrices; etc. In the geometry
we are about to define, a crucial role is played
by the so-called quasi-isometries. Two metric
spaces

��� ' ��� ' �%�:���EDB���FD%�
are said to be

�HGI��J��
quasi-

isometric if there exists a (not necessarily continu-
ous) function KL
 �

' �M�ED
such that

5G �#��N
' �PO ' �RQSJUT��#� K ��N

' �%� K �VO
' ���WT,GX�#��N ' �PO ' � 6 J

and there exists a C such thatY[Z]\%^ �FD:��NXD_� K ���
' ��� 
 NXD1`a�EDcbdT�e

It is easily seen that the lattice f D is quasi-isometric
to the plane g D , the intuition behind it being that
if one looks at the lattice f D from far away, it ap-
pears as g D . In other words, g D is a “blurring” off D . Conversely, f D is a “coarsening” of g D . Be-
yond this trivial example, it is amazing that some
geometry can be done at all up to quasi-isometries.
Probably the most spectacular example comes from
group theory. Let hVi

' �BACACAC� i<j<k l
' �BACACAC� l0mon be a presen-

tation of a group p by generators and relators. The
Cayley graph of this presentation is the graph rooted
at the identity element 5 , with branches correspond-
ing to right multiplication by i

" � irq
'

s . The relatorsl
"

destroy the tree structure of the graph and create
loops. The distance between two words

�#�Vt ' �PtoD%�
is

the minimum number of generators i
" � i q

'
s needed to

construct
t q

'' toD
. It is easily seen that this distance

is symmetric and that the Cayley graph is a geodesic
space. Let hVi�u

' �BACACAC� i�uj k l1u
' �BACACAC� l1um n be another presen-

tation of the same group obtained for example via a
Nielsen transformation. It turns out that the Cayley
graphs of the two presentations of the same groups
are quasi-isometric. Of course, a communication
network graph is far from a Cayley graph, the chief



difference being that communication network graphs
are more heterogeneous. Nevertheless, because Cay-
ley graphs are so well understood and also because
they are hyperbolic with probability 1, they provide
an ideal testbed for new theories. For example, the
rate of propagation of a worm on a graph appears to
be slowed down by loops; this phenomenon is most
easily analyzed on Cayley graphs of “small cancella-
tion” groups (see [10, Chap. V]), because the num-
ber of loops and their sizes are easily controlled by
the relators and their word length.

Among the concepts associated with a geometry up
to quasi-isometry is the concept of quasi-geodesics.
A

�HGI��J��
quasi-geodesic is simply a

�HGI��J��
quasi-

isometric embedding � � � - � � �
. In Engineering,

we would certainly trade a geodesic for a quasi-
geodesic. The only problem is whether a quasi-
geodesic is guaranteed to be close to the geodesic.
This is the case if the geodesic space is hyperbolic.
Another important concept in geodesic spaces is that
of a

�
-local geodesic, defined to be a continuous map	L
 � � ����� � �

such that the restriction 	 k�� � ��� ����� is an
isometry for k $ D0Q $ ' k ( �

. Is a
�
-local geodesic a

geodesic? The answer to this question is postponed
to Section 3.3.

It is sometimes useful (see, e.g., Section 4) to have
a concept of angle in a geodesic space. The ap-
proach of Buseman involves the important notion
of comparison triangle. Given a geodesic triangle� 2 3de �

in some geodesic space, the comparison tri-
angle [1, p. 19] is a triangle 	2
	3 	e in Euclidean
space

����
 � 	��� or in constant sectional curvature stan-
dard space

�����F� 	��� such that 	�#� 	2 � 	34� = �#� 2 ��34�
,	�X� 	3 � 	e � = �#� 3 ��e �

, 	�#� 	e7� 	2 � = �#� e
� 2 �
. The com-

parison triangle also allows a concept of angle to be
defined solely in terms of the distance, independently
of the concept of inner product. The Alexandrov an-
gle [2, Def. 1.12] at the vertex 2 of a geodesic trian-
gle � 2 3de �

is the � Y�������� of the usual Euclidean angle
at the vertex 	2 of the comparison triangle 	2 	3 � 	e �
of � 2 3de �

, where
3 � ` � 2 3 �

,
e � ` � 2 e �

, and�#� 2 ��3 � � = JP�#� 2 ��34�
,
�#� 2 ��e � � = JP�#� 2 ��e �

.

Clearly, we have found a common structure that en-
compasses Riemannian manifolds and graphs. We
have fallen, however, a bit short of encompassing
those networks where the cost of communicating

from 2 to
3

is not the same as the cost of commu-
nicating from

3
to 2 , also referred to as digraphs.

This can be accomplished using some concepts of
noncommutative geometry.

2.2 Embedding graphs on surfaces

To capture some of the many concepts of coarse ge-
ometry, consider a graph � , which we write on the
sphere � D , possibly with some edges crossing. (In
fact, the only situation where no edge crossings oc-
cur is when the graph is planar.) For each edge cross-
ing, “pull a handle” and draw one of the edges on
the handle rather than on the sphere. After pulling a
handle for every pair of crossing edges, the graph is
written—without edge crossings— on a sphere withi handles, that is, the compact surface ��� of genus i .
This process is of course nonunique, but among all
such processes there is one that leads to a minimum
number of handles, called the genus of the graph [12,
Def. 6-9]. From here on, we will assume that the
graph � has been embedded in ��� for the smallest
genus i .

If i! @
, then it is well-known that �"� carries a hy-

perbolic metric i
" s of constant sectional curvature. If

the graph is properly filling �"� , then it will be hyper-
bolic in the sense of Section 3.2.

3 Hyperbolic geometry

3.1 Riemannian curvature

In classical Riemannian geometry, the curvature
is defined as the operator l �����$#4� =&%(')%�* Q
%�*�%+' 6,% � * � ' � acting on sections of the tan-
gent bundle. The important interpretation is thatQ l �����$#4�.-

is the difference between
-

and the
vector obtained by parallel displacement of

-
around the parallelogram constructed on

���$#
.

Introducing the sectional curvature / �����$#d� =�1032 * � '"45* � '768 8 * 8 8 � 8 8 9:8 8 � q � * � '�6 � , the preceding yields, for a sur-

face, the Gauss-Bonnet theorem ;<;>=?/ � � = @>@ QA "CB "
, where the

B "
’s are the turn angles on the

boundary of � . If � is a geodesic triangle with inter-
nal angles D �FE � . , it is readily seen that

@>@oQ A " B "
=DW6 E 6 . QG@ , so that “negative curvature” means that

the sum of the internal angles of a geodesic triangle



is less than
@

.

The important properties of negative sectional cur-
vature spaces stem form the behavior of their
geodesics. The Jacobi field

�
[7, Section 2.1] is

by definition the infinitesimal variation of a geodesic
relative to a nearby geodesic. Searching a solu-
tion of the form

� =���� , where � is orthonor-
mal to the nominal geodesic, the Riccati equation of
the Jacobi field, for a constant sectional curvature
space, yields � � s��� � 6 /�� = � , which, if / ( � , yields� �
	:� =�� � � �
��� ������� Q / 	�� . Turning the problem the
other way round, under variation of the end point,
the perturbed geodesic remains close to the nominal
geodesic.

In contrast, a positively curved space, e.g., a sphere,
does not have well behaved geodesics; think, for ex-
ample, of the geodesic joining the South pole of a
sphere to a point drifting around the North pole!

3.2 Hyperbolic graphs

Inspiring ourselves form Riemannian geometry, the
question arises as to whether in, say, a communica-
tion network a quasi-geodesic would be guaranteed
to be close to the geodesic. One would be tempted
to say that this might be the case if the graph is “hy-
perbolic.” The problem is that in classical Rieman-
nian geometry, sectional curvature is a differential
concept and a graph is certainly not a differential
object! The approach developed by Cartan, Alexan-
drov, Rauch, and Toponogov [9, Sec. 3.2] is to single
out a property of a hyperbolic manifold that can be
reformulated solely in terms of distance function and
geodesics. One such property is the bounded fatness
of the geodesic triangles. To be specific, let

�
be a

Riemannian manifold of sectional curvature / ( � .
The fatness of a geodesic triangle � 2 3de �

is defined
as

��� � � 2 3de ��� =
Y[Z]\��� � �#�����$#d� 6 �#� # � - � 6 �#��-0��� � 


NL` � 3de �O ` � 2 e �� ` � 2 3 �
�  
!

(1)

and the bounded fatness property [11, pp. 84-85] is
that��� = ����� ^ ��� � � 2 3de ��� 
 2 ��3 ��e
�B`!�/b4( "� Q /

(2)

Here we are at the crucial point. The classical
Riemannian concept of negative sectional curva-
ture has been reformulated in terms of distance and
geodesics. As such it can be extended to geodesic
spaces, in particular to graphs. Therefore, we will
say that a graph is

���
-negatively curved if the above

holds. We could go one step further and say that
a graph has curvature bounded above by / ( � if��� ( #$ q � .

There are many alternative characterizations of neg-
ative curvature in terms of distance and geodesics,
although not all of them are uniformly equivalent.
One such characterization we will make ample use is
that of slimness of a geodesic triangle, which is de-
fined as the least

�
such that every edge is contained

within the union of the
�
-neighborhoods of the other

edges; formally,

� = � � 2 3de ��� = Y[Z]\��� � � 
 � 2 3 �&%(' � )+* � � � �-,.' � *0/ � � � �� 3de �1%(' � /0) � � � �2,.' � )+* � � � �� e 2 �1%(' � *0/ � � � �-,3' � /0) � � � �
�  
!

The slimness of the geodesic triangles is the property
that� = = ����� ^ � = � � 2 3de ��� 
F2 ��3 ��e ` �/bd( @� Q /

(3)

It can be shown that
��� ( *54 � = (�*

. However,
bounds are harder to come by. The reason why some
bounds are needed is that most of our results pertain-
ing to good behavior of the geodesics on communi-
cation graphs involve

� = , while computationally we
found that

���
is easier to come by (see Section 3.5).

From (2),(3), we would be tempted to assert that��� =76 � = , which appears to be confirmed by numer-
ical exploration. However, exact bounds are harder
to come by. The way to go about the problem is to
use the radius 8 of the circle inscribed to the triangle
(Gromov [5, p. 162] rather speaks of the inscribed
triangle), from which it follows that 8 ( � = ( @ 8
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Figure 1: The ISP graph consisting of a highly con-
nective core and long tendrils. Observe that the
geodesic triangle � 2 3de �

is “slim.”

and
@ 8 ( ��� ( " 8 , and finally 5 ( ���-� q

'
= ( " .

(See also [5, Sec. 6.5, 6.6] for similar bounds.) Yet
another approach is the “thinness”

� � of a geodesic
triangle, in which a geodesic triangle is viewed as a� � -fattened version of a tripod (see [5, Sec. 6.3] for
detail).

As an illustration, consider Figure 1, showing the
ISP graph. Each node is a cluster of hosts with nearly
matching IP addresses and the links are adjacent ad-
dresses as revealed by a traceroute. This figure is
an illustration of the “core-concentric” property of
many AS (Autonomous Systems) graphs as revealed
by the CAIDA project. As with any graph consist-
ing of a highly connective core and long tendrils,
the geodesic lines joining three points 2 ��3 ��e

at the
ends of the tendrils are forced to transit via the highly
connective core, contributing to the slimness of the
geodesic triangle 2 3de

.

Besides fatness, slimness, and thinness of geodesic
triangles, we mention the approach of Alexan-
drov [7, Sec. 2.3] and Buseman [7, Sec. 2.2].

3.3 Geodesics versus quasi-geodesics versus
�
-

local geodesics

A crucial feature of
�

negatively curved spaces,
which is in a sense their motivation, is that

�
-

local geodesics are quasi-geodesics and that quasi-
geodesics are “close” to geodesics; hence

�
-local

geodesics are “close” to geodesics. We first review
the traditional results.

Specifically, a
�
-local,

�  � � = , geodesic is a
�HGI��J��

quasi-geodesic for
G = �

&
������ q ����� and

J = @ � = (see [2,
Th. III.1.13]). Next, there exists a universal toler-
ance constant 8 � � = �%GI��J�� such that if . is a geodesic
and �. a

�HGI��J��
quasi-geodesic with the same end

points, we have
�
	0� �. � � � � - ���%� . � � � � - ����� ( 8 � � = �%GI��J��

(see [2, Th. III.1.7]). A somewhat more specific
bound that applies to

�HGI��J = � � quasi-geodesics is8 � � = �%GI� � � = 5_� � � = � 5U6
� ��� D G#� (see [5]). Combin-
ing the above two results, it follows that, if . , �. � are
the geodesic and a

�
-local geodesic, respectively, we

have �
	1� �. � � . �W( 8 � � = � � 6�� � =� Q � � = �%@ � = �
Here, we see the problem: even if we take

� � *
,

we get
�
	1� �. � � . ��( 8 � � = � 5 �%@ � = ���= � , so that we

cannot guarantee that the
�
-local geodesic has been

forced to be a geodesic.

The good news is that we feel that, if we restrict our-
selves to graphs, we can do better than that. Specifi-
cally, we conjecture that for a graph, taking

� = @ � =
would force the

�
-local geodesic to coincide with the

geodesic. To get the feeling for this result, consider
a graph consisting of a triangle 21u 3 u e u with extra
edges 2 u 2 ��3 u 3 ��e u e attached to the vertices of the
triangle. Clearly,

� = = 5 . It is easily seen that to find
the optimal path from 2 to

3
, it suffices to check op-

timality of the
� � = @ �

-local geodesics; this indeed
rules out the path 21u e u 3 u that takes the detour along
two edges of the triangle.

The formal argument–yet to be constructed–would
proceed as follows: A

� = graph is a
� = fattened

version of a tree; more precisely, the
� = graph is�HG = 5 � � = � -quasi-isometric to a tree (see [5, Sec.

6.1] for similar concepts). The geodesic � 2 3 �
is then

quasi-isometric to any path joining 2 and
3

in the
“fat tree.” A nonoptimal path would go from one
side to the other of a branch of the fat tree and this
would be detected by a

@ � = local test of optimality.

To assess how conservative the traditional bounds
are, we consider the Riemannian geometry case. Let



. � �. 
 � � � - � � �
be geodesic,

G
quasi-geodesic, re-

spectively, with the same end points, viz., . � � � =
�. � � � , . � - � = �. � - � . The geodesic is parameter-
ized by arc length

	
. The quasi-geodesic is param-

eterized as follows: Let �� " ` �. . Let � ��
" � " �

be
the geodesic segment orthogonal to . at the point� " ` . . Let . �
	 ' � = � '

. Then �. �
	 ' � = �� "
. This

provides a unique parameterization of �. provided we
restrict ourselves to a neighborhood without focal
points. Let

� �
	:� 
 = �#� �� �
	:�%� . � . Let
� '

= . �
	 ' � ,�ED = . �
	BD � be a pair of arbitrarily close points on
the geodesic and let �� '

= �. �
	 ' � , ��ED = �. �
	BD%� be
the corresponding points on the quasi-geodesic. Us-
ing the Jacobi field applied to the geodesics � �

'
�� ' �

,� �ED �� ' �
and the

G
bound on the quasi-geodesic, it

follows that� D � �� ' � ��ED%� = ��	 D � ��� ��� D � � Q / � �
	:��� 6 � � u �
	:��� D �T G D ��	 D
Therefore, the

G
quasi-geodesic that departs with a

maximum speed from the geodesic is given by the
differential equation��� ��� D � � Q / � �
	:� � 6 � � u �
	:��� D = G D �

(4)

subject to the mixed boundary condition

� � � � = � � - � = �
and ��� ��� D � � Q / � �
	:���0Q G D�� �
Therefore, from the latter, the bound is derived as

� m���� = 5� Q / ��� ��� q
'
G�� 5� Q / � ���
	X@ G

Figures 2,3 show the results of two simulation runs
of Equation (4). In the first case, the quasi-geodesic
reaches its bound and remains at that constant dis-
tance away from the geodesic, while in the second
case, the quasi-geodesic does not reach its bound.

The traditional bounds are derived as follows: Let. be a geodesic and let �. be the
G

quasi-geodesic
fastest departing from the geodesic with the same
end points. Let

�
be the distance, which by the

above argument is reached at the mid point
� � ` .

and let �� � be the corresponding point on �. , that
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Figure 2: Envelope of all distance plots between
G

quasi-geodesics and a nominal geodesic of length@ � . The curvature is adjusted so that the solution
reaches the bound, resulting in a continuously dif-
ferentiable curve.
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is,
�#��� � � �� � � = �

. Choose points
� ' ���ED,` .

along with their corresponding points �� ' � ��ED ` �.
such that

�#��� � ��� ' � = �#��� � ���ED � = �#��� ' � �� ' � =�#���EDB� ��ED%� =d
 �
'
. Using the

G
quasi-geodesic prop-

erty, we get

- � ��
'
��ED%�)T GX�#��� ' ���ED%� = @ G � '

On the other hand, using the Jacobi field, we get@ � ' ��� ����� � Q / �
' � T - � ��

'
��ED%�

Combining the above two yields

�
' T 5� Q / ��� ��� q

'
G

Finally, using
� T

'
D - � ��

'
��ED � 6 �

'
, we get

� T G 6�5� Q / ��� ��� q
'
G�� G 6�5� Q / � ��� 	 @ G

We now look at tight bounds in arbitrary geodesic
spaces. Using the material of [2], it can be shown
that a bound is given by

� m���� = � � �HG D 6�5 � 6 G @ �H@ G D 6 6 �
where

� �
is the maximum solution to

� � T � = � ��� D � 5� = � � � � " G D 6 @ � 6 G � @ G D 6 6 �����
6 � =@

Using some equation solver, this bound is easily
computed and compared with the traditonal Gromov
bound in Figure 4, showing a substantial improve-
ment by more careful analysis of the bounds.

3.4 Billiard dynamics curvature computation

The following provides an optics interpretation of
the “fatness,” where the angles are defined from the
Riemannian inner product.

Theorem 1 In a complete Riemannian manifold of
nonpositive curvature and for a geodesic triangle� 2 3de �

without obtuse angles, the solution triangle� # -
of (1) is such that the incidence angles at���$# � -
equal the corresponding reflection angles.
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Figure 4: Gromov’s bound versus refined bound.

Proof. We first check the first order variation. It is
easily seen that, in general Riemannian geometry,�� �#� 2 � - � � �#�����$#d� 6 �#� # � - � 6 �#��-0��� ���

= ��� ��� 2 - # Q ��� ��� 3�-U�
Cancelling the first order variation yields

incidence angle 
 = @ @ Q � 2 - #
= @ @ Q � 3�-U�
=d
 reflection angle

and the same holds at
���$#

. Regarding the second
order variation, we have, for a complete Rieman-
nian manifold of nonpositive sectional ccurvature [8,
Lemma 2.1.5],�� �#� 2 � - � � � D � # � - � 6 � D ��-0��� ��� � �

which takes care of the second variation. �
We leave it to the reader to verify that, in case the tri-
angle has an obtuse angle, say D , the solution to (1)
is

���R�$# = 2 � - = 2 and the optimization prob-
lem (1) is no longer a differentiable one.

Theorem 1 is the well-known Fermat Principle of
optics, saying that a light ray from

�
to
-

reflect-
ing at

# ` � 3de �
minimizes ; 9* ; ��	 where ; is the



refraction index. Another interpretation is that the� # -
triangle is a periodic orbit of the billiard dy-

namics on a geodesic triangular table.

The problem is how to effectively construct the tra-
jectory that reflects itself with an angle equal to the
angle of incidence on every edge of the triangle.

We first consider the case of an ordinary Eu-
clidean triangle � 2 3de �

without obtuse angle, that is,D �FE � . ( � D . From 2 , draw the altitude � 2 � �#� , that
is, the line segment such that � 2 � �#��� � 3de �

and���L` � 3de �
. The altitudes � 3 # �#� and � e - �#� are de-

fined similarly. All three altitudes � 2 � � � , � 3 #��#� and� e - �#� are well known to intersect at a single point,
say � , called orthocenter [3, Sec. 1.6, p. 17]. The
following is easily proved:

Theorem 2 � - �#��� � = � � ����#��
, with a similar

result at
#�� � - �

, so that
���R�$#�� � - �

is the solution
to (1).

The question arises as to whether the above can be
extended to negative curvature geometries. It is not
hard to show that the above remains true on a con-
stant negative sectional curvature surface and for tri-
angles with two vanishes angles and the remaining
one acute; for example, take the Poncaré upper half
plane model and consider a triangle with 2 on the
real axis,

3
anywhere in the upper half plane ande = *

. The edge � 2 3 �
is an arc of the circle pass-

ing through 2 ��3
and orthogonal to the real axis; the

edges � e 3 �
and � 2 e �

are straight lines perpendicu-
lar to the real axis; clearly, D,= . = � and take

3
such that

E T � D
. For such a triangle, the orthocen-

ter exists and the above holds true. We do not know
whether this extends to arbitrary triangles.

3.5 Linear programming curvature computa-
tion

The distance on a graph is initially defined over the
vertex set, but it can easily be affinely extended to
the edges. Then we have the following:

Theorem 3 For a graph and with the distance
�#���[��� �

affinely extended to the edges, the solution
���$# � -

to (1) is reached at vertices of � 2 3 �H� � 3de �H� � e 2 � , re-
spectively.

Proof. Clearly, the domain in which
�����$# � - �

runs
is � 2 3 ��� � 3de �	� � e 2 � and the simplicial decom-
position of the factors endows the product with the
structure of a polyhedron. Next, because distances
are measured along paths of edges on the graph,�#�����$#d� 6 �#� # � - � 6 �#��-0� 2 �

is easily seen to be
affine in

���$# � -
. Therefore, (1) is a linear program-

ming problem, which has its solution on a vertex of
the polyhedron � 2 3 �
� � 3de �
� � e 2 � , that is,

�
is on

a vertex of � 3de �
,
#

on a vertex of � 2 e �
, and

-
on a

vertex of � 2 3 �
. �

3.6 Negative curvature versus heavy tail

Besides the obvious core-concentricity, a more sub-
tle process through which a graph could become hy-
perbolic is when its degree has a heavy tail distri-
bution. To show that a heavy tail graph is more
hyperbolic than a uniform graph, we consider the
growth model of the Internet. We start from a core
network � 
�� consisting of ; � vertices. This start-
up graph could have line topology, bidirectional ring
topology, unidirectional ring topology, or star topol-
ogy. We recursively introduce a new vertex � 
� and
successively connect this new vertex to 
 vertices,
�
' �BACACAC� �:m , of the already existing graph � 
 q

'
, result-

ing in the graph � 
 with ; vertices and with adja-
cency matrix 2 
 . For the

�
th attachment of the new

vertex � 
� to an old vertex not previously attached to
� 
� , �

" ` � 
 q
'
� ^ �

' �BACACAC� � � q
' b

, we use either of the
following rules:

1. the uniform attachment rule, that is,

� � 	 
 � �
" � � 
� � = 5 � = 5; Q �

2. the preferential attachment rule, that is,

� � 	 
 � �
" � � 
� � =/5 � = �#� �

" �A�� � �#� �
" �

The preferential attachment rule is known to yield, as; � *
, a heavy tail graph. However, since here we

generate finite graphs, the finiteness of
� �

is irrele-
vant and the real issue is whether

� �
is small relative

to the diameter. We therefore plot � � ��� 9 diam
�
, the

“normalized” expectation of
���

. Observe that for a
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of
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versus the number 
 of attachments at every
step for the line start-up topology.

Euclidean equilateral triangle, the fattest possible tri-
angle in nonpositive curvature, we have

� � 9 diam =6F9 @ so that the issue is whether � � ��� 9 diam
�o( 6F9 @ .

In the simulation, we start with ; � = 5_� and run to; = 6 � . The results, for the line and unidirectional
ring topologies, are shown in Fig. 5, 6, respectively,
and reveal that the fatness is smaller for the heavy
tail graph.

4 Negative versus positive curvature

For reliability purposes, it would be interesting to
have a great many quasi-geodesics with costs within
a small bound away from the geodesic cost. The
number of quasi-geodesics is quantified by their dis-
tances to the geodesic, arguing that if they go far
away there is plenty of space to pack them. This
distance is normalized by the length of the

G
quasi-

geodesic, bounded as
G - � . � (see [5, Sec. 7.2, Prop

7.2.A]). For a differentiable hyperbolic structure,
we could define the “differential density of quasi-
geodesics per unit geodesic length” as� �
	 � . � �. �� G = 5_� � � = � ��� D �G
while, for discrete hyperbolic structures, the “av-
erage density of quasi-geodesics per unit geodesic
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 of attachments at every
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length” is defined as

� Y��� ��� 5_� � � = � 5W6 � ��� D G#�G =,�
(Another approach would be based on the isoperi-
metric inequality [2, III.2].) The latter observation
points to the fact that the drawback of the good be-
havior of the geodesics in a hyperbolic space is that
the density of quasi-geodesics is small. To have
a good density of quasi-geodesics, we would have
to go to the opposite spaces of positive curvature.
Besides, positive curvature is more appropriate for
small diameter graphs.

A positive curvature graph can be defined via the
angles. Consider a situation where a vertex of the
graph 2 is connected to vertices

3 "
,
� = 5 �BACACAC� ; ,3 "

is connected to
3 "�&#'

, and
3 
 is connected to3 '

, with weights
�#� 2 ��3 " � = 5 , �#� 3

" ��3 "�&#' � = 5 ,�#� 3 
 ��3 ' � = 5 . Let D
"

be the angle at the vertex 2
of the (geodesic) triangle 2 3 " 3 "�&#'

and let D 
 be the
angle at the vertex 2 of the triangle 2 3 
 3 '

. The an-
gles at the vertex 2 of the graph are most naturally
defined following the procedure of Alexandrov in a
comparison triangle in the model space of constant
sectional curvature / ,

���
[7], [2, Definition 2.15].

(In fact, a deeper result [2, Prop. 2.9] shows that, no
matter what comparison space

���
we choose, the

angle is the same and hence equal to 60 degrees.)



Then the graph is locally positively curved at 2 ifA "
D
" ( @>@

. The graph is positively curved if it
is locally positively curved at every vertex. Such
graphs enjoy some of the properties of manifolds of
positive sectional curvature.

Unfortunately, positive curvature is topologically
much more constraining than negative curvature (be-
cause, for example, the Lichnerowicz-Weitzenböck
formula [4, Th. 9.16], [11, p. 6] implies that
the Dirac operator has vanishing index) and except
for some scarce discrete geometry results (e.g., [5,
Prop. 7.2.E]) and of course the Gromov-Lawson the-
ory of manifolds with positive scalar curvature, the
theory is on shaky mathematical ground.

5 Routing

The modification of the distance vector routing nec-
essary for it to generate

�
-local geodesics (and hence

quasi-geodesics) rather than geodesics is nearly triv-
ial. Each router

�
, instead of keeping a vector

� *
of distances from

�
to every other node, is only re-

quired to keep a vector of distances from
�

to all
nodes within

�
hops. The Bellman-Ford algorithm is

particularly well adpated to computing this reduced
distance vector, since by definition it computes �
hops optimal paths for arbitrary � . The vector � * of
weights of all links attached to

�
is unaffected. The

“next hop” data is more involved, in the sense that
for every node

# �= �
, there are several possible

“next hops.”
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